
 

第２章 複素関数と写像 

２．１   

（１）n=1,2,...3 を整数とし、t =0→3 をパラメタとする。 

実軸に平行な直線は intz += → 6)(
πi

eintu
−

+=  時計まわりにπ/6 傾く 

虚軸に平行な直線は itnz += → 6)(
πi

eitnu
−

+=  時計まわりにπ/6 傾く 

（２） 

 

実軸に平行な直線は intz += → )2()( 222 ntintintu +−=+=   

したがって、
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 上の赤い曲線 

虚軸に平行な直線は itnz += → )2()( 222 ntitnitnu +−=+=   

したがって、
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 上の青い曲線 

 



 

２．２ ｕ＝ｚ+1/ｚ によるグリッドの写像 

 

Cartesian coordinates 

!map01e.bas 04-8-15 
 
option arithmetic complex 
set window -8,8,-8,8 
  
let i=complex(0,1) 
for x=-3 to 3 step 0.5 
   for y=-3 to 3 step 0.001 
      let z=x+i*y 
      let w=z+1/z 
      if x^2+y^2>1 then 
         plot lines:Re(z)-4,Im(z) 
         plot lines:Re(w)+4,Im(w)
      end if 
   next y  
next x ***

for y=-3 to 3 step 0.5 
   for x=-3 to 3 step 0.001 
      let z=x+i*y 
      let w=z+1/z 
      if x^2+y^2>1 then  
         plot lines:Re(z)-4,Im(z) 
         plot lines:Re(w)+4,Im(w) 
      end if 
   next x  
next y 
 
 
 
END 
 

２．4    

（１）複素関数  2
3

2
3 zw =   によるグリッドの写像。 

map052c.bas 

 



 

! !map052c.bas 04-6-14 
 
option arithmetic complex 
set window -10,10,-10,10 
  
let i=complex(0,1) 
 
for y=0 to 4 
   for x=-4 to 4 step 0.01 
      let z=x+i*y 
      let pfi=arg(z) 
      let r=abs(z) 
      let w=1.5*r^(2/3)*exp(i*pfi*2/3)
      set line width 2 
        
      plot lines:Re(z)-4,Im(z) 
      plot lines:Re(w)+4,Im(w) 
   next x 
next y ***

for x=-4 to 4 
   for y=0.1 to 4 step 0.01 
      let z=x+i*y 
      let pfi=arg(z) 
      let r=abs(z) 
      let w=1.5*r^(2/3)*exp(i*pfi*2/3) 
      set line width 2 
        
      plot lines:Re(z)-4,Im(z) 
      plot lines:Re(w)+4,Im(w) 
   next y 
next x 
 
END 
 

（２） 

!map01i.bas 04-11-16 

 

option arithmetic complex 

set window -8,8,-8,8 

  

let i=complex(0,1) 

for r=1 to 3 step 0.5  

   for theta=-pi to pi step pi/360 

      let z=r*exp(i*theta) 

      let w=log(z) 

      plot lines:Re(z)-4,Im(z) 

      plot lines:Re(w)+4,Im(w) 

   next theta  

next r 

 

for theta=-pi to pi step pi/8 

   for r=1 to 3 step 0.01  

      let z=r*exp(i*theta) 

      let w=log(z) 

      plot lines:Re(z)-4,Im(z) 

      plot lines:Re(w)+4,Im(w) 

   next r 

next theta  

END 

  

 

 



 

２．５ 

( ) θθ irrezw i +=== logloglog  

iz 01+−→  ということは πiez ⋅→1  で ππ iiu →+→ 1log  

iz 01−−→  ということは πiez −⋅→1  で ππ iiu −→−→ 1log  

図で見れば 

 

!map01j.bas 05-5-11 
 
option arithmetic complex 
set window -8,8,-8,8 
  
let i=complex(0,1) 
for r=1 to 3 step 0.5  
   for theta=-pi to pi step pi/360
      let z=r*exp(i*theta) 
      let w=log(z) 
      plot lines:Re(z)-4,Im(z) 
      plot lines:Re(w)+4,Im(w)
   next theta  
next r 
 
for theta=-pi to pi step pi/8 
   for r=1 to 3 step 0.01  
      let z=r*exp(i*theta) 
      let w=log(z) 
      plot lines:Re(z)-4,Im(z) 
      plot lines:Re(w)+4,Im(w)
   next r 
next theta  
 

---

 
set line width 3 
set line color 4 
for theta=0 to pi step 0.01 
   let z=exp(i*theta) 
   let w=log(z) 
   plot lines:Re(z)-4,Im(z) 
   plot lines:Re(w)+4,Im(w) 
next theta  
draw tip with scale(2)*rotate(pi/2) *shift(-5,0) 
draw tip with scale(2)*rotate(-pi/2) *shift(4,pi) 
 
set line color 2 
for theta=-pi to 0 step 0.01 
   let z=exp(i*theta) 
   let w=log(z) 
   plot lines:Re(z)-4,Im(z) 
   plot lines:Re(w)+4,Im(w) 
next theta  
draw tip with scale(2)*rotate(-pi/2) *shift(-5,0) 
draw tip with scale(2)*rotate(pi/2) *shift(4,-pi) 
 
END 
  
external picture tip 
option arithmetic complex 
plot lines:0.2,0.1;0,0;0.2,-0.1 
end picture 
 



 

２．６ 

 

 

 

 

 

描画のプログラム 

!regla06.bas by T.Uede 04-11-19 
 
option arithmetic complex 
let s=2.2*3 
set window -0.5*s,0.5*s,-0.5*s,0.5*s
let kk=1.7 
let alpha=-20 
let beta=70 
let stp=0.03 
 
let i=complex(0,1) 
 
def f(s)=exp(s)/(s^2+s+1)     
 
! 曲面------------------------ 
 
for x=0.6 to -3 step -stp 
   for y=3 to -3 step -stp 
      let s=x+i*y 
      let z=abs(f(s))/5 
      call Plotto(x,y,z)        
   next y 
   call PenUp 
next x 
 
! 軸-------------------------- 
call plotto(0,0,0) 
call plotto(kk,0,0) 
call plotto(0,0,0) 
call plotto(0,kk,0) 
call plotto(0,0,0) 
call plotto(0,0,kk) 
call penup 
call plottext(kk,0,0,"x") 
call plottext(0,kk,0,"y") 
call plottext(0,0,kk,"z") 
!call plottext(-2,-1,-2,"0") 
 

 
 
 
 
 
 
 
 
 
 
 
 
***

   let y0=y*cos(a)-z*sin(a) 
   let z0=y*sin(a)+z*cos(a) 
   let y=y0 
   let z=z0 
end sub 
sub roty(x,y,z,a) 
   let x0=x*cos(a)+z*sin(a) 
   let z0=-x*sin(a)+z*cos(a) 
   let x=x0 
   let z=z0 
end sub 
sub rotz(x,y,z,a) 
   let x0=x*cos(a)-y*sin(a) 
   let y0=x*sin(a)+y*cos(a) 
   let x=x0 
   let y=y0 
end sub 
sub convert(x,y,z) 
   call rotz(x,y,z,-alpha*pi/180) 
   call rotx(x,y,z,-beta*pi/180) 
end sub 
sub plotto(x,y,z) 
   let x1=x 
   let y1=y 
   let z1=z 
   call convert(x1,y1,z1) 
   plot lines:x1,y1; 
end sub 
sub penup 
   plot lines 
end sub 
 
sub plottext(x,y,z,s$) 
   let x1=x 
   let y1=y 
   let z1=z 
   call convert(x1,y1,z1) 
   plot text ,at x1,y1: s$ 



 

!-----------subroutines--------- 
sub rotx(x,y,z,a) 

end sub 
 
END 

Laplace’s Equation （ラプラスの方程式） 

Regular （正則）では 
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                    ************************************* 

［頭の体操］ 

（１） 15 =z     （４） iz ⋅= 83  

 

***

!root08.bas 
option arithmetic complex 
set window -6,6,-6,6 
set axis color 1 
draw axes 
let i=complex(0,1) 
set point style 4 
for t=0 to 2*pi step 2*pi/5 
   let  z=exp(i*t) 
   plot points:Re(z),Im(z) 
next t  
draw disk with scale(0.04)*shift(1,0) 
draw circle  
for t=0-pi/2 to 2*pi-pi/2 step 2*pi/3 
   let  z=2*exp(i*t) 
   plot points:Re(z),Im(z) 
next t  
draw disk with scale(0.04)*shift(0,-2) 
draw circle with scale(2) 
END 

 

２．１２  流体力学 Hydrodynamics や静電場にあらわれる複素関数 Complex 

function ψφ ⋅+== izfw )(  で .const=ψ  と置くと、流線がえられる。 

（１） zUw ⋅=  （ U は定数）     Uniform stream 



 

 

（２） αiezUw ⋅⋅=  （ U 、αは定数）         Uniform stream with an angle 

（３） )log(
2

zqw
π

=  （ q は定数）                    Source 

（４） )log(
2

)log(
2

czqczqw −−+=
ππ

（ q、c  は定数）       Source & sink 

（５）
z

mw 1
2π

=  （ m は定数）                  Doublet 

（６） 　









+=

z
azUw

2
 （ U 、a は定数）    Stream around a cylinder 

（７） )log(
2

ziw
π
Γ

−=  （ Γ は定数）                                  Vortex 

 

２．１３  上の Complex function（１）～（７）（複素ポテンシャルとよ

ぶ）で ψφ ⋅+== izfw )(  で .const=φ  と置くと、等ポテンシャル線がえられ

る。 

（１）～（７）の流線 Stream line と等ポテンシャル線 Equipotential line を描け。 

 

 

 

 

 

 

 

 



 

 

２．１４  複素ポテンシャル ψφ iw += は正則である。 したがって、 
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２．１５ 

下にもっとも簡単な座標変換の例を示す。プログラムを見てじっくり理由を考

えてください。 

.)Im( constzz ==ψ の流線 

 18
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−

=            zzz =                         18
πi

zezz =  

 

 

 

 

!strea01m.bas 05-5-18 
 
option arithmetic complex 
set window -20,20,-20,20 
!draw grid with scale (1,1) 
 
let i=complex(0,1) 
set line width 3 
for t=-1 to 1 step 2 
   for x=-5 to 5 step 0.03 
      for y=-5 to 5 step 0.03 
         let z=x+i*y 
         let zz=z*exp(i*t*pi/18) 
         let psi=Im(zz) 
         for k=-10 to 10 step 1 
            if psi>k-0.03 and psi<k+0.03 then 
               set line color 2 
               plot lines : x+t*12,y              
            end if 
            if psi>k-0.03 and psi<k+0.03 then 
               set line color 1 
               plot lines : Re(zz),Im(zz)              
            end if 
              
         next k 
      next y 
   next x 
next t 
 
END 
 

 

 



一様平行流れ 
 
!equal strength 
!30 deg. stream line 
!hom001t.bas by T. Uede 05-4-21 
 
option arithmetic complex 
set window -100,100,-100,100        
draw axes(100,100)  
 
let i=complex(0,1) 
let U=1 
let g=30 
let h=0.001 
for y=-89 to 89 step 10 
   for x=-89 to 89 step 10 
      let z=x+i*y 
      let w=U*z*exp(i*(-g*pi/180)) 
      let z=x+h+i*y 
      let wx=U*z*exp(i*(-g*pi/180)) 
      let vy=-((Im(wx)-Im(w))/h) 
      let z=x+i*(y+h) 
      let wy=U*z*exp(i*(-g*pi/180)) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
      draw arrow with rotate(theta)*scale(10*sqr(vx^2+vy^2))*shift(x,y)        
   next x 
next y 
END 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
plot 0,0;1,0 
plot 1-0.5,0.1;1,0;1-0.5,-0.1 
end picture 
 



吹出し 
 
 
!source 
!stream line 
!soce001t.bas by T. Uede 04-8-7 
 
option arithmetic complex 
set window -200,200,-200,200        
draw grid with scale (100,100)  
 
let i=complex(0,1) 
let U=1 
let g=30 
let h=0.001 
 
for r=30 to 90 step 20 
   for t=0 to 2*pi step pi/6 
      let x=r*cos(t) 
      let y=r*sin(t) 
        
      let z=x+i*y 
      let w=log(z) 
      let z=x+h+i*y 
      let wx=log(z) 
      let vy=-((Im(wx)-Im(w))/h) 
      let z=x+i*(y+h) 
      let wy=log(z) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
      draw arrow with rotate(theta)*scale(500*sqr(vx^2+vy^2))*shift(x,y) 
        
   next t 
next r 
END 
 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
plot 0,0;1,0 
plot 1-0.6,0.2;1,0;1-0.6,-0.2 
end picture 
 



渦 
 
!vortex 
!stream line 
!cycr001t.bas by T. Uede 05-4-21 
 
option arithmetic complex 
set window -200,200,-200,200        
draw grid with scale (100,100)  
 
let i=complex(0,1) 
let U=1 
let g=30 
let h=0.001 
 
for r=30 to 90 step 20 
   for t=0 to 2*pi step pi/6 
      let x=r*cos(t) 
      let y=r*sin(t) 
        
      let z=x+i*y 
      let w=-i*log(z) 
      let z=x+h+i*y 
      let wx=-i*log(z) 
      let vy=-((Im(wx)-Im(w))/h) 
      let z=x+i*(y+h) 
      let wy=-i*log(z) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
      draw arrow with rotate(theta)*scale(500*sqr(vx^2+vy^2))*shift(x,y) 
        
   next t 
next r 
END 
 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
plot 0,0;1,0 
plot 1-0.6,0.2;1,0;1-0.6,-0.2 
end picture 



渦点のまわりのポテンシャル

渦点のまわりのポテンシャルを面にしてあらわすと以下のようになる。θ

のところに注意。
 

!fukuso14.bas 04-8-10 
 
option arithmetic complex 
let s=3.3*10 
set window -0.5*s,0.5*s,-0.5*s,0.5*s 
let kk=1.7 
let alpha=-20 
let beta=70 
let i=complex(0,1) 
let G=2 
! 曲面---------------------------------------------------------------------------- 
for r=0.001 to 8 step 1 
   for t=0 to 2*pi step pi/180 
      let x=r*cos(t) 
      let y=r*sin(t) 
      let s=x+i*y 
      let f=-i*G/2/pi*log(s) 
      let z=Re(f) 
      if x^2+y^2>a^2 then 
         call Plotto(x,y,z)  
      end if 
   next t 
   call PenUp 
next r 
for t=0 to 2*pi step pi/18 
   for r=0.001 to 7 step 0.1 
      let x=r*cos(t) 
      let y=r*sin(t) 
      let s=x+i*y 
      let f=-i*G/2/pi*log(s) 
      let z=Re(f) 
      if x^2+y^2>a^2 then 
         call Plotto(x,y,z)  
      end if 
   next r 
   call PenUp 
next t 
! 軸------------------------------------------------ 
!call plotto(0,0,0) 
!call plotto(kk,0,0) 
!call plotto(0,0,0) 
!call plotto(0,kk,0) 
!call plotto(0,0,0) 



!call plotto(0,0,kk) 
!call penup 
!call plottext(kk,0,0,"x") 
!call plottext(0,kk,0,"y") 
!call plottext(0,0,kk,"z") 
!call plottext(-2,-1,-2,"0") 
!-----------subroutines--------- 
sub rotx(x,y,z,a) 
   let y0=y*cos(a)-z*sin(a) 
   let z0=y*sin(a)+z*cos(a) 
   let y=y0 
   let z=z0 
end sub 
sub roty(x,y,z,a) 
   let x0=x*cos(a)+z*sin(a) 
   let z0=-x*sin(a)+z*cos(a) 
   let x=x0 
   let z=z0 
end sub 
sub rotz(x,y,z,a) 
   let x0=x*cos(a)-y*sin(a) 
   let y0=x*sin(a)+y*cos(a) 
   let x=x0 
   let y=y0 
end sub 
sub convert(x,y,z) 
   call rotz(x,y,z,-alpha*pi/180) 
   call rotx(x,y,z,-beta*pi/180) 
end sub 
sub plotto(x,y,z) 
   let x1=x 
   let y1=y 
   let z1=z 
   call convert(x1,y1,z1) 
   plot lines:x1,y1; 
end sub 
sub penup 
   plot lines 
end sub 
sub plottext(x,y,z,s$) 
   let x1=x 
   let y1=y 
   let z1=z 
   call convert(x1,y1,z1) 
   plot text ,at x1,y1: s$ 
end sub 
END 



吹き出しと吸い込みの組み合わせ
 

 
!source & sink 
!stream line 
!socsnk01.bas by T. Uede 04-8-9 
 
option arithmetic complex 
set window -100,100,-100,100        
!draw grid with scale (10,10)  
 
let i=complex(0,1) 
let U=1 
let g=30 
let h=0.001 
let a=40 
for x=-89 to 89 step 5 
   for y=-89 to 89 step 5 
      let z=x+i*y 
      let w=log(z-a)-log(z+a) 
      let z=x+h+i*y 
      let wx=log(z-a)-log(z+a) 
      let vy=-((Im(wx)-Im(w))/h) 
      let z=x+i*(y+h) 
      let wy=log(z-a)-log(z+a) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
      draw arrow with rotate(theta)*scale(5)*shift(x,y) 
        
   next y 
next x 
END 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
let aa=30*pi/180 
plot 0,0;1,0 
plot 1,0;1-0.3*cos(aa),0.3*sin(aa) 
plot 1,0;1-0.3*cos(aa),-0.3*sin(aa) 
end picture 
 



2 重吹き出し 
 
 
!doublet 
!stream line 
!socsnk02.bas by T. Uede 04-8-9 
 
option arithmetic complex 
set window -100,100,-100,100        
draw axes (100,100)  
 
let i=complex(0,1) 
let U=1 
let g=30 
let h=0.001 
let a=0.001 
 
for x=-89 to 89 step 5 
   for y=-89 to 89 step 5 
     
      let z=x+i*y 
      let w=log(z-a)-log(z+a) 
      let z=x+h+i*y 
      let wx=log(z-a)-log(z+a) 
      let vy=-((Im(wx)-Im(w))/h) 
      let z=x+i*(y+h) 
      let wy=log(z-a)-log(z+a) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
      draw arrow with rotate(theta)*scale(5)*shift(x,y) 
        
   next y 
next x 
END 
 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
let aa=30*pi/180 
plot 0,0;1,0 
plot 1,0;1-0.3*cos(aa),0.3*sin(aa) 
plot 1,0;1-0.3*cos(aa),-0.3*sin(aa) 
end picture 
 



円柱まわりの流れ
 
!stream00.bas 02-7-10 
!円柱まわりの速度場 
 
option arithmetic complex 
set window -10,10,-10,10 
draw axes(10,10) 
 
let i=complex(0,1) 
let a=2 
let U=2 
let G=0 
let h=0.001 
 
for x=-5 to 5 step 0.7 
   for y=-5 to 5 step 0.7 
     
      let z=x+i*y 
      let w=U*(z+a^2/z)+i*G/2/pi*log(z/a) 
        
      let z=x+h+i*y 
      let wx=U*(z+a^2/z)+i*G/2/pi*log(z/a) 
      let vy=-((Im(wx)-Im(w))/h) 
        
      let z=x+i*(y+h) 
      let wy=U*(z+a^2/z)+i*G/2/pi*log(z/a) 
      let vx=(Im(wy)-Im(w))/h        
      let theta=angle(vx,vy) 
        
      if x^2+y^2>a^2 then 
         draw arrow with rotate(theta)*scale(0.5*sqr(vx^2+vy^2))*shift(x,y) 
      end if     
   next y 
next x 
 
 
draw circle with scale (a) 
END 
 
!------------ 
external picture arrow 
OPTION ARITHMETIC COMPLEX 
plot 0,0;1,0 
plot 1-0.6,0.2;1,0;1-0.6,-0.2 
end picture 
 




